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Abstract. Recent cosmic microwave background (CMB) observations put strong constraints
on the spatial curvature via estimation of the parameter Ωk assuming an almost scale invari-
ant primordial power spectrum. We study the evolution of the background geometry and
gauge-invariant scalar perturbations in an inflationary closed FLRW model and calculate the
primordial power spectrum. We find that the inflationary dynamics is modified due to the pres-
ence of spatial curvature, leading to corrections to the nearly scale invariant power spectrum at
the end of inflation. When evolved to the surface of last scattering, the resulting temperature
anisotropy spectrum (CTT` ) shows deficit of power at low multipoles (` < 20). By comparing
our results with the recent Planck data we discuss the role of spatial curvature in accounting
for CMB anomalies and in the estimation of the parameter Ωk. Since the curvature effects
are limited to low multipoles, the Planck estimation of cosmological parameters remains robust
under inclusion of positive spatial curvature.
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1 Introduction
The recent measurements of the cosmic microwave background radiation (CMB) anisotropies
by observational missions such as Planck [1] and WMAP [2] are in excellent agreement with the
well known ΛCDM model of the Universe. According to this model, the geometry of spacetime
is described by a homogeneous and isotropic Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
metric, and the energy content of the Universe is composed of baryonic and cold dark matter
(Ωm), radiation (Ωr), a cosmological constant (ΩΛ) and spatial curvature (Ωk) [1–5]. Within
this scenario, the observational data imposes strong constraints on the spatial curvature of the
FLRW background: Ωk = −0.005+0.016−0.017 from Planck measurements alone, and Ωk = 0.000+0.005−0.005
when the Planck measurements are combined with BAO data [6] (results are quoted at 95%
confidence intervals). The origin of the tiny temperature fluctuations in the CMB can be
attributed to almost scale invariant primordial density perturbations predicted by inflation. In
the simplest inflationary scenario the accelerated expansion of the Universe is driven by a single
scalar field φ with standard kinetic energy slowly rolling down a potential V (φ) in a spatially
flat (Ωk = 0) FLRW spacetime [3, 4, 7–11].
While consistent with a spatially flat spacetime geometry, the current bounds on Ωk allow
for the possibility that we live in a slightly curved patch of the Universe, which can be related
to a global non-zero spatial curvature, e.g. open or closed FLRW spacetime, or to the effect of
super-horizon fluctuations on our local patch in a globally flat Universe [6]. Closed FLRW model
has also been argued to be of phenomenological [12] and fundamental importance [13]. In the
presence of spatial curvature, the predictions of inflationary models are affected in two distinct
ways. First, the transfer functions encoding the evolution of linear perturbations from the end of
inflation until today are modified by the presence of curvature terms in the Boltzmann equations.
This effect is well understood and is fully implemented in the Boltzmann codes employed for the
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integration of these equations (as CAMB 1, for instance [14]). Second, the spectrum of primordial
perturbations can be affected by the presence of curvature during inflation. Recall that the rapid
accelerated expansion of the Universe during inflation ‘washes away’ any spatial curvature that
might have been present before inflation, making the spatial geometry at the end of inflation
very close to flat. Therefore, even if the spatial curvature Ωk is very small at the end of inflation
and today, it might have been significant during the early stages of inflation. In this scenario,
the evolution of quantum perturbations in a spatially curved spacetime is distinct from that in
a spatially flat spacetime during inflation, especially near the onset of inflation. As a result,
the spectrum of primordial fluctuations will be influenced by the effects of Ωk 6= 0. Significant
deviations from the simple power law form generally can occur for wavelengths comparable to
the curvature radius, which are later imprinted as scale-dependent features in the CMB power
spectra. This effect, however, has not been analyzed in great detail, even for small spatial
curvatures, Ωk. In particular, these potential features in the primordial power spectrum are not
taken into account for the estimation of cosmological parameters including Ωk in Planck analysis
[6, 15], which is based on a tilted power law spectrum for the primordial scalar perturbations.
The goal of this paper is to revisit these issues for the closed FLRW model, i.e. with Ωk < 0,
by studying the evolution of quantum perturbations in a closed inflationary Universe.
In a closed FLRW model the topology of the spacetime is R × Σ with the topology Σ of
the spatial sections that of a 3-sphere Σ = S3. In this case, the angular scales in the CMB
that are potentially affected by the global curvature can be estimated by setting Ωk to the
observed values. Using the Planck estimate for the Hubble constant H0 = (67.8± 0.9) km s−1
Mpc−1 and Ωk = −0.005 [6], we find that the radius of the spatial S3 section of the Universe
today is: r0 ' 4.5 rLS , where rLS ≈ 14 Gpc is the radius of the last scattering surface.2 This
indicates that curvature effects, if present, will be more pronounced at length scales comparable
to that of the CMB sky. These scales correspond to the lowest multipoles. Interestingly, recent
CMB observations reveal anomalies in the temperature anisotropy spectrum at low multipoles
including a power suppression for ` . 30 that is mildly incompatible with the predictions of an
almost scale-invariant primordial spectrum [1, 16, 17]. Therefore, it is natural to ask to what
extent spatial curvature can affect the low-` spectrum and account for this anomaly.
The power suppression at low multipoles has been studied in the case of open inflation,
with the help of toy models, by introducing an early period of fast-roll at the onset of inflation
following the process of bubble nucleation [18, 19]. A similar mechanism involving a transient
regime of fast-rolling has also been advocated in flat models [20–25], showing that the presence of
curvature may not be essential in this picture. In both cases, however, one needs to include fine-
tuned localized features in the potential energy V (φ) of the scalar field on scales corresponding
to the present day Hubble horizon. In this paper, we focus on the less studied case of a closed
Universe for the quadratic and Starobinsky potentials without extra features.
Due to its finite size, a closed Universe has a characteristic length scale given by the
curvature radius r0. It is generally expected that the primordial fluctuations truncate on such
a scale, which thus acts as a natural infrared cutoff [26–31]. Under this assumption, it was
shown in [29] that the quadrupole anomaly can be consistently interpreted as a curvature effect.
Evidence for such a behavior was presented in [32], where it was found that the power spectrum
of scalar perturbations on a closed de Sitter background is slightly suppressed at the scale of
the curvature radius. This raises the question as to whether the full inflationary dynamics can
1http://camb.info
2Note that r0 is the radius of a 3-sphere representing the whole Universe and rLS is radius of the 2-sphere
corresponding to the surface of last scattering.
– 2 –
actually enforce the conjectured truncation and how exactly the primordial power spectrum
departs from the power law characteristic of flat spaces at the length scale set by r0.
In order to investigate these questions, we perform a detailed analysis of the inflationary
evolution of gauge-invariant scalar perturbations in a closed FLRW Universe for a scalar field
with a quadratic and Starobinsky potential, based on the Hamiltonian formalism of [33]. We
first determine initial conditions for the background geometry which lead to a sufficiently long
slow-roll phase that is compatible with observations. Note that it is a priori not clear if a
given initial condition will lead to inflation at all [34]. Providing initial conditions for the
perturbations at the onset of inflation, we numerically integrate these equations of motion for
a range of values of Ωk including the Planck estimates, Ωk = −0.005. Since the curvature
term in the Friedmann equation scales as a−2, where a is the scalar factor, the background
evolution is strongly affected by the spatial curvature in the early stages of inflation, leading to
a breakdown of the slow-roll approximation [26]. This mechanism allows for a transient fast-roll
regime without the need of modifying the potential, with significant implications for the modes
crossing the horizon at these times. We calculate the power spectrum at the end of inflation
and use the Boltzmann code CAMB to determine the spectrum of temperature anisotropies in
the CMB. We find that the modifications in the primordial power spectrum lead to power
suppression at multipoles ` . 20, with almost 30% suppression at the lowest multipole, ` = 2.
This indicates that, while this suppression of power is not strong enough to completely explain
the observed anomaly, the presence of spatial curvature can partially account for it. Also, we
find that the modification in the power spectrum has negligible effects on the estimation of
cosmological parameters. This happens because the curvature effects on the CMB are limited
to only low `’s while for ` > 20 the spectrum remains practically unaffected. Therefore, while a
priori being conceptually inconsistent, the Planck estimation of cosmological parameters in the
presence of spatial curvature [6] is phenomenologically robust.
The paper is organized as follows. In section 2 we provide a brief overview of the equations
of motion of the closed FLRW model in the presence of a scalar field with a potential V (φ) and
gauge-invariant scalar perturbations on it. Section 3 provides details on the initial conditions
for the background variables and quantum perturbations chosen such that the future evolution
has a minimal duration of inflation and leads to a power spectrum compatible with observations
at large `’s. We study the evolution of the background spacetime and scalar perturbations in
section 4. This is where we compute the temperature anisotropy spectrum and discuss the
effects of spatial curvature on the CMB spectrum and estimation of cosmological parameters.
We conclude in section 5 with a summary of the main results and future outlook. Technical
details about the properties of the spherical harmonics are given in the appendix A.
2 Preliminaries
This section is divided into two subsections. In the first subsection we provide a brief overview
of the background spacetime dynamics of a closed FLRW spacetime in the presence of a non-
minimally coupled scalar field with a self-interacting potential. In the second subsection, we
discuss the construction of gauge-invariant linear scalar perturbations q using Hamiltonian
methods described in [33], obtain the second order Hamiltonian [33, 35, 36] and derive the
equations of motion for q.
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2.1 Background dynamics
For the background, we consider a homogeneous, isotropic spatially curved Friedmann-Lemaˆıtre-
Robertson-Walker model with topology R× S3. The spacetime metric is
ds2 = −dt2 + a˜2(t) r2o dΩ2, (2.1)
where ro is the curvature radius of the S3 spatial section, Ωij is the metric on the fiducial unit
three-sphere with volume Vo = 2pi2 and a˜ is dimensionless scale factor. In spherical coordinates
(χ, θ, ϕ), the fiducial three-sphere metric representing the spatial section takes the form:
dΩ2 = dχ2 + sin2 χ
(
dθ2 + sin2 θ dϕ2
)
. (2.2)
It is convenient to define the dimensionful scale factor: a(t) := ro a˜(t). Given a matter field
with the energy density ρ and pressure P , the dynamics of a(t) is given by the Friedmann and
Raychaudhuri equations:
H2 =
8piG
3
ρ− 1
a2
, (2.3)
H˙ = −4piG (ρ+ P ) + 1
a2
, (2.4)
where H = a˙/a is the Hubble parameter. We are interested in the inflationary dynamics which
is driven by a scalar field with a self-interacting potential V (φ). The energy density ρ and the
pressure P of the scalar field are:
ρ =
1
2
φ˙2 + V (φ) and P =
1
2
φ˙2 − V (φ). (2.5)
Using the above definitions and equations (2.3) and (2.4) we obtain the Klein-Gordon equation
which governs the evolution of the scalar field:
φ¨+ 3Hφ˙+
dV
dφ
= 0 . (2.6)
Among the eqs. (2.3), (2.4) and (2.6) only two are independent: any of these equations can be
derived by combining the other two. Therefore, it is sufficient to consider the Klein-Gordon
equation (2.6) together with the Friedmann equation (2.3) to completely describe the evolution
of the background spacetime. These two equations form a well-posed initial value problem,
which — given proper initial conditions at an initial time — can be solved to evaluate the
quantities a(t) and φ(t) at a later (or earlier) time. In this paper, we consider two different
potentials for the inflationary phase: the quadratic potential
V (φ) =
1
2
m2φ2 , (2.7)
and the Starobinsky potential [37–40]
V (φ) =
3M2
32piG
(
1− e−
√
16piG
3
φ
)2
. (2.8)
In both cases the values of the mass parameters m and M are fixed by using Einstein’s equations
in conjugation with recent observations as described in section 3.
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After inflation ends, the scalar field decays completely and standard model particles are
created during the reheating phase. The further evolution of the background spacetime is
described by the standard ΛCDM model: the matter content of the Universe consists of baryonic
and cold dark matter (w := P/ρ = 0), radiation (w = 1/3) and the cosmological constant or
dark energy (w = −1). The Friedmann equation describing the background geometry in this
phase all the way till today is:
H2 = H20
(
Ωm
(
a
a0
)−3
+ Ωr
(
a
a0
)−4
+ ΩΛ + Ωk
(
a
a0
)−2)
, (2.9)
where H0 is the Hubble parameter today. The parameters Ωm = 0.31, Ωr = 9.2× 10−5, ΩΛ =
0.69 and Ωk are the contribution to the total extrinsic curvature from matter, radiation, dark
energy and spatial curvature, respectively, whose values are measured today by the recent CMB
experiments. For the closed FLRW model under consideration, Ωk < 0. The Planck power
spectra constrain Ωk = −0.005+0.016−0.017 at a 95% confidence interval. Adding data from BAO to
break the ‘geometric degeneracy’ between H0 and |Ωk|, yields Ωk = 0.000+0.005−0.005 at the same
confidence interval [6].
2.2 Perturbations
On the homogeneous and isotropic inflationary background described above, we introduce first
order, purely inhomogeneous perturbations:3
γij = γ˚ij + δγij ; φ = φ˚+ δφ, (2.10)
where γ˚ij = a
2Ωij is the background metric, φ˚ is the background homogeneous inflaton field, and
δγij and δφ are the inhomogeneous metric and inflaton perturbations respectively. The metric
perturbation δγij has two degrees of freedom, let’s denote them γ
(1) and γ(2) (see appendix A for
exact relation), which are equivalent to the two Bardeen potentials (usually denoted by Ψ and
Φ in the literature [41, 42]). Paying attention to the symmetries of the spatial hypersurface we
expand these perturbations in scalar harmonic functions Qnlm and tensor harmonic functions
T nlmij and Snlmij (defined in appendix A), which form a complete basis on S3 [33, 35, 36]:
δγij = a
26
√
Vo
∞∑
n=2
n−1∑
l=0
l∑
m=−l
(
γ
(1)
nlmSnlmij + γ(2)nlmT nlmij
)
(2.11)
δφ =
∞∑
n=2
n−1∑
l=0
l∑
m=−l
δφnlmQnlm. (2.12)
Note that the sum starts at n = 2 since the n = 1 mode is homogeneous and thus part of
the background. These harmonics are scalar eigenfunctions of the Laplacian operator on S3:
∇2Qnlm = −(n2 − 1)Qnlm with ∇ the covariant derivative compatible with Ωij . Their explicit
form is
Qnlm(χ, θ, ϕ) = Φ
l
n(χ)Ylm(θ, ϕ) , (2.13)
where Ylm are the spherical harmonics and the expression for the ‘radial’ function Φ
l
n can be
found in appendix A. This is analogous to the flat model, in which any scalar function can also
3Just as in the flat Universes, the scalar, vector and tensor modes decouple at first order and evolve indepen-
dently of one another. In this paper, we only consider scalar perturbations.
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be expanded in terms of the eigenfunctions of the flat space Laplacian with eigenvalue −k2. We
will denote the flat space eigenfunctions by Qklm. The structure of the eigenfunctions Qklm is
similar to eq. (2.13), where the radial function only depends on l and is simply the spherical
Bessel function jl(kr). The curved Φ
l
n(χ) tends to jl(kr) (with nχ → kr) in the limit of large
n and χ 1, which is exactly the limit from the closed to flat FLRW model. In this limit, the
hyperspherical harmonics of the closed model Qnlm reduce to the spherical harmonics of the
flat model Qklm. By comparing the eigenvalues of the physical Laplacian in both cases today,
we find that:
n2 − 1
r2o
→ k2 , (2.14)
where ro is the radius of the closed Universe today and k is the comoving wavenumber in the
flat limit. The factor n2 − 1 is typically interpreted as the curved version of k2. In fact, it is
convenient to introduce k even in a closed Universe — where plane waves cannot be defined —
using the expression above, in order to have an instantaneous notion of wavelength in terms of
the labels n [14]. The radius ro depends on the parameters Ωk and H0 as:
ro =
1√|Ωk|H0 . (2.15)
Using Ωk = −0.005 and Planck’s estimate for the Hubble parameter H0 = 67.3 km s−1 Mpc−1
we find that ro ≈ 6.3 × 104 Mpc. For such a Universe, the Planck comoving pivot scale
k = 0.05 Mpc−1 corresponds to n = 3152, and k = 0.002 Mpc−1 corresponds to n = 126.
As in the flat model, the first order scalar perturbations (γ(1), γ(2), δφ) are gauge dependent
quantities, and only certain combinations of them are gauge-invariant. The gauge-invariant
variable q was obtained using methods developed for first-class Hamiltonian constrained systems
[43], which were applied to the cosmological setting by Langlois [33]. These methods allow for
the determination of a singular transformation from the constraint surface in phase space to
the reduced phase space of gauge-invariant, physical degrees of freedom. The procedure is
as follows. First, general relativity is cast in the Hamiltonian formalism. The phase space
relevant for cosmological perturbation theory is Γo×Γ1, with Γo the 4-dimensional phase space
of the unperturbed background, homogeneous fields and Γ1 phase space of the first order,
purely inhomogeneous perturbations (γ(1), γ(2), δφ) and their conjugate momenta with six scalar
degrees of freedom. Next, the first order Hamiltonian and momentum constraints select a surface
Γc1 ⊂ Γ1 with four (scalar) degrees of freedom. These constraints, being first class, also generate
gauge transformations within Γc1, which further reduce the number of degrees of freedom to
two, i.e. a single gauge-invariant canonical pair (q, p) ∈ Γ˜1 ⊂ Γc1. To obtain the gauge-invariant
perturbation, one needs to use the first order Hamiltonian and momentum constraints to go
from Γ1 to the reduced phase space Γ˜1, defined as the set of gauge orbits in the constraint
surface Γc1. This is done using Hamiltonian-Jacobi inspired equations, which select a generating
function that nicely implements a singular coordinate transformation from Γc1 to Γ˜1. As a result
one obtains the following expression for the gauge-invariant variable q [33]:
qnlm = δφnlm −
√
V0 φ˙
H
(
γ
(1)
nlm + γ
(2)
nlm
)
, (2.16)
where q is written in terms of hyperspherical harmonics as q =
∑∞
n=2
∑n−1
l=0
∑l
m=−l qnlmQnlm.
The gauge-invariant variable q is proportional to the usual curvature perturbation ζ: q =
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(φ˙/H)ζ.4 The dynamics of q on the reduced phase space is then generated by the second order
Hamiltonian constraint in which only terms quadratic in the first order perturbations are kept.
This yields a total quadratic Hamiltonian which is then used to obtain the following equation
of motion for qnlm:
q¨nlm + b(n, t)q˙nlm + c(n, t)qnlm = 0 (2.17)
where for each mode b and c are completely determined by the background evolution:
b(n, t) = 3H +
32piGa3a˙φ˙V ′(φ) + 48piGa2a˙2φ˙2 − 8piGa2φ˙2
(
8piGa2
(
φ˙2 − 2V
)
+ 2
)
2aa˙
(
2(n2 − 4)a˙2 + 8piGa2φ˙2
) (2.18)
c(n, t) =
8piG
a2a˙2
(
2 (n2 − 4) a˙2 + 8piGa2φ˙2
)
[
a˙4(n2 − 4) (n2 − 1 + a2V ′′)
4piG
+
(
4n2 − 7) a3a˙3φ˙V ′ − piGn2 − 1
n2 − 4a
4φ˙4
[
8piGa2
(
φ˙2 + 2V
)
− 6
]
+ (n2 − 1)a2a˙2
(
− 6piGn
2 − 5
n2 − 4a
2φ˙4 + 4piGa2φ˙2V +
3
2
φ˙2 +
9
2
a˙2φ˙2
)
+ a3a˙
[
aa˙φ˙2V ′′ + 2aa˙V ′2 + 4piGa2φ˙V ′
(
φ˙2 + 2V
)
− φ˙V ′
] ]
(2.19)
with a prime denoting a derivatives with respect to φ. A few comments are in order concerning
the evolution of qnlm:
• Given an inflationary potential and proper initial conditions chosen at some initial time,
eq. (2.17) describes the evolution of qnlm all the way till the end of inflation.
• It is immediately obvious that the equation of motion decouples for each mode, which
allows one to solve the evolution of the perturbations mode by mode. This is not surprising
as the same is true in the absence of spatial curvature.
• In the limit of large radius ro and large n, (2.17) reduces to the familiar evolution equation
in the case of flat spatial curvature [42]. Moreover, the divergent behavior for n = 2 in
(2.17) is not a problem, because the n = 2 mode for q vanishes identically.
• If the background is given by a de Sitter geometry, then b(n, t) = 3H and c(n, t) =
−a−2(n2 − 1).
Having the equations of motion for both the background and gauge-invariant linear perturba-
tions, we are set to study their evolution during inflation. Let us now discuss the choice of
initial conditions for the background and perturbations.5
4In terms of the scalar field perturbation δφ and Bardeen potential Ψ, this gauge-invariant quantity is q =
δφ+ φ˙
H
Ψ [42].
5In the post inflationary phase, during the radiation and matter domination era, the evolution of cosmological
perturbations is governed by the Boltzmann equations which is implemented in the publicly available code CAMB
[14].
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3 Initial conditions
The dynamics of the background during the inflationary era is described by Eqs. (2.3)–(2.6).
The initial data required for solving this system of evolution equations consists of a choice
of initial conditions (a0, φ0, φ˙0). In addition, one must fix the value of the mass parameter
in the potential V (φ) of the inflaton. In our analysis, we have considered a space of initial
data and inflaton masses restricted by the condition that background solutions must include
an inflationary regime long enough so that all observable modes in the CMB are within the
comoving Hubble horizon at the onset of the inflation. The onset of inflation t0 is defined as
the instant at which a¨(t0) = 0 and the comoving Hubble horizon assumes its maximal value.
Explicitly, we adopt the condition:
λmax .
ro
a(t0)H(t0)
, (3.1)
where λmax is the comoving wavelength of the largest observable mode. Let us describe the
procedure adopted for implementing this condition.
Consider first the case of a quadratic potential (2.7), for definiteness. In order to fix the
mass parameter, we first assume that: (i) the Universe was approximately flat at the time t∗
when k∗ = 0.05 Mpc−1 exited the horizon, and (ii) the slow-roll approximation is valid at t∗.
Under these approximations, we can use the usual expressions for the amplitude of the scalar
power spectrum As and its running ns in terms of background quantities to obtain:
 =
1− ns
4
, H∗ =
√
piAs
G
, (3.2)
where  = −H˙/H2 is the first slow-roll parameter. The scale factor at horizon crossing is
by definition equal to a∗/ro = k∗/H∗, leading to a formula for a∗ in terms of the observable
quantities As and ns:
a∗ = 2rok∗
√
G
piAs(1− ns) . (3.3)
Moreover, the slow-roll parameter is related to the field configuration by
φ˙∗
2
(− 3) +  m2φ2∗ = 0 , (3.4)
and, under the assumed approximations, the background dynamics is described by:
3Hφ˙+m2φ = 0 , (3.5)
H2 =
8piG
3
(
φ˙2
2
+
m2φ2
2
)
. (3.6)
Combining Eqs. (3.4), (3.5) and (3.6), we can solve for the mass and the field configuration at
t∗:
φ∗ =
−3 + (1− ns)/4
3
√
piG(1− ns)
, φ˙∗ =
√
As(1− ns)
8G
, m =
3
2
(1− ns)
√
piAs√
G(11 + ns)
, (3.7)
Allowing the parameters As and ns to vary within the 2σ region determined by the Planck
analysis, we obtain a window I = {(a∗, φ∗, φ˙∗),m} of initial data and inflaton masses m com-
patible with the observed data. Each point in this space of allowed initial conditions determines
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a specific evolution of the background, for which the condition (3.1) can be explicitly checked.
Our analysis is based on background solutions in the observationally selected window I:
φ∗ = 2.99± 0.52 mPl, φ˙∗ = (−2.08± 0.73)× 10−7 m2Pl, (3.8)
a∗ = (3.3± 0.6)× 10−54 ro, m = (1.28± 0.45)× 10−6 mPl, (3.9)
such that the condition (3.1) is satisfied, where mPl =
√
~c/G is the Planck mass.
The assumptions (i) and (ii) can be explicitly verified for solutions in I. In order to do so,
we first compare the curvature term in the Friedmann equation (2.3) to the value of the Hubble
parameter at the horizon crossing time t∗ using Eqs. (3.2) and (3.3). For Ωk = −0.005, and
taking the best estimates for As and ns from Planck [6], we find:
|Ωk|a
2
0H
2
0
a2∗H2∗
' 8× 10−13, (3.10)
which shows that the flat approximation is indeed valid at t∗. In addition, the interval ns ±
2σns provided by Planck corresponds to  ∈ (0.006, 0.012), which is consistent with a slow-roll
approximation, showing that assumption (ii) is also valid.
For a given background solution a(t), φ(t) selected in this manner, we fix initial conditions
for the evolution of the gauge-invariant perturbations qnlm(t) at the onset of inflation t0. The
perturbations are quantized with the application of standard techniques, and the initial state
of the quantized perturbations is chosen to be the instantaneous vacuum at t0, defined — as
in the flat case — as the ground state of the instantaneous Hamiltonian H(t0) [44, 45], in
the static limit. Such state can be determined as follows. The equations of motion for the
perturbations, Eq. (2.17), when written for the Mukhanov-Sasaki variable v = a q and in terms
of the conformal time η, reduce in the static limit to:
v′′nlm +
[
m2a2
(
1 +
6
n2 − 4
)
+ (n2 − 1)
]
vnlm = 0 . (3.11)
Here, the primes represent derivatives with respect to the conformal time η. These equations
describe a set of harmonic oscillators with mode-dependent frequencies
ωn =
√
m2a2
(
1 +
6
n2 − 4
)
+ (n2 − 1) . (3.12)
Recall that a choice of vacuum state for the quantized field q is equivalent to a choice of positive
frequency solutions vnlm(η). In a static FLRW Universe, the vacuum state can be uniquely
selected by symmetry requirements: there is a unique regular state invariant under all spatial
symmetries and time-translations. Such state is the tensor product of the vacua of each of the
normal modes, and is described by positive frequency solutions satisfying:
vnlm(t0) =
1√
2ωn
, v′nlm(t0) = −i
√
ωn
2
. (3.13)
These conditions correspond to:
qnlm(t0) =
1
a0
√
2ωn
,
q˙nlm(t0) = − a˙0
a20
1√
2ωn
− i
a20
√
ωn
2
. (3.14)
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Figure 1. Comoving Hubble horizon near the onset of inflation for Ωk = −0.005 with two different
sets of initial conditions in the space of allowed initial data. The dashed (red) curve represents a typical
solution, with the the largest observable mode klong well within the horizon at the onset of inflation t0.
The solid (blue) curve represents a limiting case, with 1/klong close to the comoving Hubble horizon at
t0, for which the effects of the spatial curvature are maximal.
In a dynamical background, the instantaneous vacuum at t0 is defined as the vacuum asso-
ciated with normal modes satisfying (3.14), with frequencies ωn given by Eq. (3.12) for the
instantaneous scale factor a(t0).
We evolve the initial conditions (3.14) for a family of background solutions (a(t), φ(t))
satisfying the condition (3.1). In order to estimate the wavelength of the largest observable
mode λlong, we set λlong = dCMB, where dCMB is the comoving diameter of the CMB sphere,
yielding klong = 2.3 × 10−4 Mpc−1. From Eq. (2.14), this corresponds to nlong ∼ 14. For such
solutions, all observable modes are within the comoving Hubble horizon at the onset of inflation
t0. In Fig. 1, we show the evolution of the comoving Hubble horizon around the onset of inflation
for two distinct backgrounds and compare it with 1/klong. The solution ‘cond1’ represents the
case for which the initial conditions for the background geometry are provided using the best
fit values of As and ns. For this case the largest observable mode is well within the horizon at
t0. The variation of the frequency term in the full Mukhanov-Sasaki equation is then checked
to be negligible around t0, with Hw˙n/ωn  1 for all observable modes n > 14. The solution
‘cond2’ represents the extreme case considered in our analysis. In this case, 1/klong is close
enough to the horizon so that the fractional variation of the frequency becomes of the order of
10% during the few tenths of an e-fold before t0 while klong is within the horizon. This extreme
case marks the point in the parameter space for which the static approximation starts becoming
unreliable. In the next section, these two conditions illustrate the range of possible effects on
the primordial power spectrum and observed anisotropies in the CMB due to spatial curvature
when Ωk = −0.005.
The case of the Starobinsky potential is treated similarly. The mass parameter M in
the potential (2.8) is fixed by taking a flat slow-roll approximation at horizon crossing for the
mode k∗ and using the number of e-folds (N∗) between the horizon crossing and the end of
inflation. This leads to formulas analogous to eqs. (3.3) and (3.7) which give (see [46] for details
of estimation of parameters for the Starobinsky potential):
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φ∗ = 1.08± 0.02 mPl, φ˙∗ = (−4.80± 0.70)× 10−9m2Pl, (3.15)
a∗ = 2.11± 0.14× 10−53ro, M = (2.56± 0.18)× 10−6 mPl. (3.16)
The initial conditions for the perturbations are also set at the onset of inflation by choosing the
instantaneous vacuum determined by the conditions (3.14).
4 Results
Given the initial data for the background and the gauge-invariant perturbations, we numeri-
cally evolve the equations of motion of the background and the quantum perturbations. This
section is divided into two subsections. In the first, we discuss the evolution of the background
spacetime and show that the presence of spatial curvature can affect the inflationary dynamics
and potentially leave observable imprints on the long wavelength modes. The second subsection
describes the evolution of scalar perturbations, their power spectrum at the end of inflation and
the resulting temperature anisotropy spectrum C` observed in the CMB.
4.1 Why does spatial curvature matter?
One of the attractive features of the inflationary paradigm is that it solves the flatness problem.
Starting from a generic initial condition inflation dilutes away all spatial curvature effects that
might have been present before the onset on inflation. As result at the end of inflation and today
the Universe is extremely close to being spatially flat: |Ωk| < 0.005, i.e., the contribution of
spatial curvature to the total energy density of our Universe today is less than 0.5%. What about
in the past? The post inflationary evolution of the Universe is described by the ΛCDM model
and the associated Friedmann equation is given by eq. (2.9). The fraction of energy density due
to the spatial curvature decreases monotonically towards the past. Using the current estimates
of the cosmological parameters Ωm, Ωr, ΩΛ and Ωk from Planck, it is evident from eq. (2.9)
that at the beginning of the radiation dominated era (approximately 66 e-folds before today),
which — assuming instantaneous reheating — is the same as the end of inflation:
ρk
ρr
∣∣∣∣
beg rad
≈ 10−57 ≈ ρk
ρφ
∣∣∣∣
end inf
, (4.1)
where ρk =
3
8piG
ΩkH
2
0
a2/a20
, ρr =
3
8piG
ΩrH20
a4/a40
and ρφ = φ˙
2/2+V (φ) is the energy density of the inflaton.
This shows that the contribution of spatial curvature at the beginning of the radiation era is
10−55%. Hence, the effect of spatial curvature has been practically insignificant starting from
the end of inflation till today.
During inflation, however, the spacetime is quasi-de Sitter and ρφ remains nearly constant
while ρk scales as a
−2. In the backward evolution the spatial curvature terms keep getting
stronger and approximately 60 e-folds before the end of inflation ρk can become comparable
to ρφ, potentially leading to the breakdown of the slow-roll phase [26–28]. Therefore, the long
wavelength modes which exit the Hubble horizon during the early stages of inflation will be
influenced by the spatial curvature and their power spectrum can carry the imprints of spatial
curvature. This is in contrast to the short wavelength modes which exit the Hubble horizon
later and thus remain unaffected by the spatial curvature. Consequently, their power spectrum
is practically the same as in the absence of spatial curvature.
Fig. 2 shows the evolution of the Hubble horizon, (aH)−1, during inflation and radiation
era all the way till the CMB for Ωk < 0 and Ωk = 0. It is evident from the figure that the
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Reheating
Figure 2. Comparison of Hubble horizon during and after inflation in a flat FRLW model and a closed
model with Ωk = −0.1. The difference due to spatial curvature is important close to the onset of
inflation and remains negligible throughout the rest of the future evolution. This indicates that the long
wavelength modes which exit the curvature radius earlier during inflation may carry imprints of the
spatial curvature. These potential imprints will, for instance, affect their power spectrum.
Hubble horizons for flat and closed models differ in the early stages of inflation, while agreeing
with each other extremely well in the future. This indicates that the long wavelength modes
(denoted by klong) which exit the horizon during the early stages of inflation may carry imprints
of the spatial curvature, while the short wavelength modes (denoted by kshort) which exit the
horizon later will remain unaffected by the spatial curvature.
Remark: Note that it is not a priori clear whether or not inflation will last long enough
in the presence of spatial curvature. As pointed out in [26], the amount of inflation in the
closed model is bounded above and the bound is dictated by the parameter Ωk. As a result,
the space of initial conditions leading to sufficient amount of e-folds in the closed model will
be smaller than for the flat model. In this paper, we are interested in finding at least one
set of initial conditions for which the desired inflationary phase takes place. As described in
the previous section, we found a family of initial conditions on φ, φ˙ and a which lead to the
desired inflationary phase and are compatible with observations within the error bars. A more
quantitative analysis of the space of initial conditions and the viability of desired inflationary
phase requires investigation of a suitable measure on the space of initial data and will be studied
in detail in a quantum gravitational extension of this paradigm in [47].
Let us now study the evolution of the scalar perturbations and analyze the potentially
observable imprints of spatial curvature on the CMB.
4.2 Power spectrum
We now consider the evolution of the gauge-invariant quantum scalar perturbations qnlm on the
inflationary background geometry discussed above. As discussed in Sec. 3, b(n, t) and c(n, t),
the coefficients of q˙ and q in the equation of motion for q in the closed model (see eq. (2.17)),
take a very different form compared to the flat FLRW model. In particular, b(n, t) for the
flat model is simply 3H(t), whereas in the closed model b(n, t) also depends on the comoving
wavenumber n in a rather complicated fashion. Therefore, the evolution of scalar perturbations
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Figure 3. Comparison of the coefficient b(n, t) in the evolution equation (2.17) for the gauge-invariant
scalar perturbation qnlm in a closed FLRW model for Ωk = −0.005 with 3H in the same closed model
and with b(n, t) for a flat model. The left panel corresponds to the wavenumber n = 3 for which b(n, t) is
distinct from 3H in the closed model. The right panel corresponds to n = 20 for which the two quantities
are practically indistinguishable. In both cases, b(n, t) for the flat model is different from 3H and b(n, t)
for the closed model. These differences become more prominent for larger magnitudes of Ωk.
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Figure 4. Comparison of the coefficient c(n, t) in the evolution equation (2.17) for the gauge-invariant
scalar perturbation qnlm in a closed FLRW model for Ωk = −0.005 with that in a flat model. The left
panel corresponds to the wavenumber n = 3 for which c(n, t) in closed model shows deviations from
that in the flat model. The right panel corresponds to n = 20 for which the two curves are practically
indistinguishable.
in a closed inflationary model is different from the flat model in two ways. First, the evolution
of background quantities H(t) and a(t) are different which leads to differences in the causal
horizon (fig. 2) and second, the evolution equation for the perturbations acquires additional n
dependence for the closed model whose numerical effect becomes more important for small n.
Fig. 3 and 4 respectively show the evolution of the coefficients b(n, t) and c(n, t) in eq. (2.17)
– 13 –
WK = -0.005, cond1
WK = -0.005, cond2
WK = 0
5 10 50 100
0.0
0.5
1.0
1.5
2.0
2.5
3.0
n
P
H´
10
-
9 L
Figure 5. Scalar power spectra for the closed model for Ωk = −0.005 with two different sets of initial
conditions for the background geometry. The dashed (red) curve corresponds to: φ(t∗) = 3.07 mPl,
φ˙(t∗) = −2.08 × 10−7 m2Pl and the solid (blue) curve corresponds to: φ(t∗) = 2.99 mPl, φ˙(t∗) =
−2.13 × 10−7 m2Pl. The dotted straight curve shows the almost scale-invariant spectrum. The closed
model power spectrum shows oscillations for small n and approaches the flat power spectrum for large
n. Interestingly, the average power in the small n regime is suppressed compared to the usual nearly
scale-invariant power spectrum. Here we have shown the power spectrum for 3 ≤ n ≤ 400. However, for
Ωk = −0.005, only the modes with n & 14 are observable.
for the closed model compared with that in the flat model during inflation. The horizontal
axes in both plots show the number of e-folds from the time t∗ when the reference mode
k∗ = 0.002 Mpc−1 exits the Hubble horizon. It is apparent from the figures that approximately
4 e-folds before the horizon exit:
• b(n, t) for the closed model is different from that in the flat model for both n = 3 and
n = 20 (fig. 3),
• for large n, b(n, t) in the closed model approaches 3H (right panel of fig. 3) and
• c(n, t) in the closed model shows deviations from that in the flat model for small n (e.g.,
n = 3 shown in the left panel of fig. 4) while for large n they are practically indistinguish-
able (e.g., n = 20 shown in the right panel of fig. 4).
Therefore, the spatial curvature effects are more prominent during the early stages of inflation
and for small n modes which exit the Hubble horizon at these times.
Recall that in the flat model the initial conditions for the perturbations are given a few
e-folds before the mode with the longest wavelength exits the curvature radius and the scalar
perturbations are assumed to be in a Bunch-Davies vacuum state as the background geometry
behaves like a quasi-de Sitter spacetime. In contrast, for the closed model, the spacetime
shows deviations from a quasi-de Sitter spacetime at the onset of inflation as shown in fig. 2.
Consequently, the Bunch-Davies approximation is violated. However, since all the observable
modes are still inside the curvature radius, we provide the initial conditions assuming static
initial conditions as described in Sec. 3.
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We explore all observationally compatible initial conditions for the background geometry
for the two potentials considered: the quadratic potential (see eq. (3.9)) and Starobinsky poten-
tial (see (3.16)). In fig. 5 we show scalar power spectra for the two initial conditions discussed
in section 3 for the quadratic potential with Ωk = −0.005. The initial conditions are chosen
such that: (i) ‘cond1’ (red, dashed curve) for which φ(t∗) = 3.07 mPl, φ˙(t∗) = −2.08×10−7 m2Pl
at the time t∗ when the reference scale k∗ = 0.002 Mpc−1 exits the curvature radius, and (ii)
‘cond2’ (blue, solid curve) for which φ(t∗) = 2.99 mPl, φ˙(t∗) = −2.13 × 10−7 m2Pl at the same
time t∗. The usual nearly scale-invariant spectrum is shown by the black dashed straight line.
The power spectra for the closed model have two main features. First, the closed model power
spectrum is the same as that in the flat model for large n. These modes correspond to short
wavelength modes that exit the Hubble horizon later during inflation. Second, for small n (cor-
responding to longer wavelength modes which exit the Hubble horizon earlier during inflation)
the closed model power spectrum oscillates around the flat one. Interestingly, these oscillations
when averaged over a range of n show that: (Pclosed)avg < (Pflat)avg. That is, the closed model
power spectrum has a power deficit at large scales compared to the flat model. Numerical
computations with the Starobinsky potential give rise to similar results. Note that this may
not be true for the tensor perturbations, because heuristically similarly to the flat case where
the tensor-to-scalar ratio is different for the two potentials while the scalar power spectrum is
the same [1].
The question now is: are these features strong enough to have observational imprints on
the temperature anisotropy spectrum observed in the CMB? For instance, do these oscillations
show up in the temperature anisotropy spectrum of the CMB (CTT` ) observed today and more
importantly, does the deficit of power in the power spectrum at the end of inflation lead to a
suppression of power in the CMB, which is one of the large scale anomalies reported by the
recent Planck and WMAP missions?
4.3 Temperature anisotropy spectrum
To answer these questions, we evolve the scalar power spectrum at the end of inflation using
the Boltzmann code CAMB to compute the temperature anisotropy spectrum CTT` at the surface
of last scattering [14]. Fig. 6 shows the resulting temperature anisotropy power spectrum for
a closed model with Ωk = −0.005 with initial conditions corresponding to the power spectra
in fig. 5. The dashed (red) curve corresponds to φ(t∗) = 3.07 mPl, φ˙(t∗) = −2.08 × 10−7 m2Pl
(denoted as cond1 in the figure) and the solid (blue) one corresponds to φ(t∗) = 2.99 mPl,
φ˙(t∗) = −2.13 × 10−7 m2Pl (denoted as cond2 in the figure). It is evident from the figure that
the closed model C` agrees extremely well with the Planck data and the predictions of the
standard inflationary scenario with flat FLRW model at large `. Interestingly, for ` . 20,
however, the closed model shows deficit of power as compared to the flat model as expected
from fig. 5. The second, more extreme condition has less number of e-folds during inflation
compared to the first condition, leading to suppression as large as ∼ 30% in CTT` at ` = 2, while
the first condition leads to ∼ 10% suppression there. The corresponding E-mode polarization
spectrum and its cross correlation with the temperature spectrum are shown in fig. 7, which
show small deviations from the flat model at similar scales. The suppression in power is limited
to the multipoles ` < 20, and therefore is not enough to explain the power suppression anomaly
observed in the CMB. Nevertheless, as is evident from our analysis, it can contribute to the
suppression of power at these scales.
Here for the concreteness of the discussion we have shown the plots for Ωk = −0.005
which is the bound on spatial curvature given by combining Planck and BAO data. If one
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Figure 6. The temperature anisotropy power spectrum for closed (dashed and solid curves) and flat
(dotted) models and the Planck 2015 data with error bars. The dashed (red) curve corresponds to:
φ(t∗) = 3.07 mPl, φ˙(t∗) = −2.08× 10−7 m2Pl. The solid (blue) curve corresponds to : φ(t∗) = 2.99 mPl,
φ˙(t∗) = −2.13 × 10−7 m2Pl, both with Ωk = −0.005. It is evident that in both cases the closed model
shows deficit power at low `’s compared to the flat model at ` . 10.
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Figure 7. E-mode polarization spectrum and cross correlation with the temperature anisotropy spec-
trum for the closed model with the same initial conditions as in fig. 6. There are tiny differences between
the closed model and the flat model polarization spectrum at ` < 10.
takes a higher magnitude of Ωk the power suppression will be stronger, and conversely, smaller
|Ωk| will show less power suppression. In order to find the best fit value of Ωk using the
modified primordial power spectrum obtained here, we revisit the the estimation of cosmological
parameters by comparing the resulting CTT` against the recent Planck and BAO data using the
publicly available Markov Chain Monte Carlo code COSMOMC [48]. We allow variations of all
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cosmological parameters. We find that, since the modifications are limited to very low `’s,
they practically have no effect on the parameter estimation. In particular, we found: Ωk =
0.000 ± 0.005, which is exactly what is reported in [6]. Therefore, although conceptually the
Planck estimation of Ωk in [6] is inconsistent, the estimation of cosmological parameters in the
presence of spatial curvature is phenomenologically robust.
5 Discussion
The presence of spatial curvature can affect the CMB observations in two ways: modifications
in the Boltzmann equations which affect the transfer function from the end of inflation till today
and in the spectrum of primordial fluctuations at the end of inflation. The former possibility
has been studied (see e.g. [14]), while the latter possibility has only been addressed using ap-
proximate methods [29, 30, 32]. However, a full treatment of the primordial fluctuations during
inflation in the presence of positive spatial curvature had been missing so far. In this paper, we
studied the inflationary dynamics of the closed FLRW model in the presence of the quadratic
and Starobinsky potential and analyzed the evolution of the cosmological perturbations. We
first obtained the gauge-invariant scalar perturbations following Hamiltonian methods described
in [33] and derived the quadratic Hamiltonian that governs their evolution on the inflationary
background geometry. These perturbations were then numerically evolved by providing suitable
initial conditions before the onset of slow-roll. We computed the resulting power spectrum at
the end of inflation, which provided the initial conditions for the Boltzmann equations that
describe the evolution of the cosmological linear perturbations in the post inflationary phase.
We then computed the temperature anisotropy spectrum at the surface of last scattering using
CAMB [14]. Naturally, a modification in the primordial power spectrum can leave observational
imprints in the temperature and polarization spectrum of the CMB and can alter the estimation
of cosmological parameters.
Our analysis shows that not only the background inflationary dynamics of a closed FLRW
model is different from that in the flat model, but also the scalar power spectrum at the end of
inflation carries signatures of these differences. This further leads to observational imprints on
the long wavelength modes observed in the CMB. We performed numerical computation of CTT`
by exploring initial conditions for the background geometry allowed by the observational error
bars. We found that the scalar power spectrum in closed model shows oscillatory behavior for
long wavelength modes whose wavelengths are comparable to the size of the observable Universe
today, a feature not present in the flat model. For short wavelength modes, on the other hand,
there is excellent agreement with the predictions of the spatially flat inflationary spacetime.
Interestingly, we find that although the oscillatory behavior of the power spectrum is diluted
in the temperature power spectrum for short scales (see fig. 6), there is deficit of power at low
`’s compared to the predictions of the spatially flat model. For Ωk = −0.005, the suppression
ranges between 10 − 30% for ` = 2 depending on the initial conditions. In the limit Ωk → 0
the power spectrum in the flat model, i.e. without oscillations and suppression, is recovered.
Since the suppression is limited to ` < 10, it is not enough to explain the anomaly observed by
recent CMB experiments. Nonetheless, our analysis shows that these anomalies can be partially
accounted for by the inclusion of positive spatial curvature (i.e. with Ωk < 0).
In the estimation of Ωk in [6], the primordial power spectrum was assumed to be nearly
scale-invariant. This is conceptually inconsistent, as the spatial curvature modifies the pri-
mordial power spectrum. For Ωk = −0.005, which is within the Planck constraints, these
modifications are in the observable range. Nevertheless, since the observational effects of the
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spatial curvature are limited to very low multipoles, spatial curvature has negligible effects on
the estimation of the cosmological parameters. Therefore, estimation of all cosmological pa-
rameters, including Ωk, by Planck in [6] is phenomenologically robust under the inclusion of
positive spatial curvature.
In this paper, we restricted our analysis to initial conditions compatible with observations.
In order to study the naturalness and the origin of these initial conditions for inflation in the
closed FLRW model, one needs to extend the analysis to the Planck scale and introduce a suit-
able measure on the full space of initial conditions. These questions have already been addressed
in the setting of loop quantum cosmology (LQC) for the flat FLRW model in the presence of
quadratic and Starobinsky potential [46, 49–51]. In a future work [47], we will use the LQC
model of the closed FLRW spacetime developed in [52] to address these issues and extend the
framework of quantum fields on quantum spacetime of [53, 54] to evolve cosmological pertur-
bations all the way from the Planck scale to the end of inflation. Another natural extension
of this work is to study the evolution of tensor modes in closed inflationary FLRW spacetime
[55]. A priori, it is not clear whether the tensor modes will also show a similar suppression as
the quadratic Hamiltonian for tensor modes is quite different from that of the scalar modes.
Spatial curvature effects in the tensor spectrum may lead to interesting features in the B-mode
polarization spectrum at large scales which may become observable in future CMB experiments.
In recent works [56–58], it has been shown that coupling between long and short wavelength
modes in presence of non-gaussianity in the flat model can lead to hemispherical asymmetry
which is another CMB anomaly observed in the CMB. In future work, it will be interesting to
study how the presence of positive spatial curvature can affect these results.
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A Hyperspherical harmonics and linear perturbations on S3
In this appendix we review basic properties of hyperspherical harmonics on the unit sphere S3
and discuss the expansion of linear cosmological perturbations in general closed FLRW Universes
in terms of such normal modes (for more details, see [35, 59]). We choose coordinates in which
the metric of S3 is of the form:
dΩ2 = dχ2 + sin2 χ(dθ2 + sin2 θ dϕ2) , (A.1)
with χ, θ ∈ [0, pi], ϕ ∈ [0, 2pi]. We write the metric tensor as Ωij , the covariant derivative
associated with Ω as ∇, and the corresponding Laplace-Beltrami operator as ∇2.
A complete set of scalar functions on S3 is given by the hyperspherical harmonics:
Qnlm(χ, θ ϕ) = Φ
l
n(χ)Ylm(θ, ϕ) , (A.2)
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where the Ylm(θ, ϕ) are spherical harmonics on the 2-sphere and the Fock harmonics Φ
l
n(χ) are
defined as:
Φln(χ) =
√
Mnl
sinχ
P
−1/2−l
−1/2+n(cosχ) , Mnl = Π
l
r=0(n
2 − r2) , (A.3)
where P
−1/2−l
−1/2+n are the associated Legendre functions. The hyperspherical harmonics are eigen-
functions of the Laplacian:
∇2Qnlm = −(n2 − 1)Qnlm , (A.4)
and satisfy the orthogonality relations:∫
S3
dΩQnlmQn′l′m′ = δnn′δll′δmm′ . (A.5)
We can use the scalar harmonics Qnlm to define a set of orthogonal vector harmonics:
Pnlmi =
1
n2 − 1∇iQnlm (A.6)
which satisfy ∇2Pi = −(n2 − 3)Pi and are normalized according to:∫
S3
dΩ ΩijPnlmi P
nlm
j =
1
n2 − 1 . (A.7)
We also introduce the tensor harmonics:
Snlmij =
1
3
ΩijQnlm , (A.8)
T nlmij =
(
1
n2 − 1∇i∇j +
1
3
Ωij
)
Qnlm , (A.9)
satisfying ∇2Snlmij = −(n2 − 1)Snlmij and ∇2T nlmij = −(n2 − 7)T nlmij . These functions are
orthogonal for distinct labels n, l,m, and satisfy the relations:∫
dΩ Snlmij T ijnlm = 0 (A.10)∫
dΩ Snlmij Sijnlm =
1
3
(A.11)∫
dΩ T nlmij T ijnlm =
2
3
n2 − 4
n2 − 1 , (A.12)
where the sum is only over i and j and not over n, l and m. The T nlmij are traceless and it can
be easily verified that:
∇i∇jT nlmij =
2
3
(n2 − 4)Qnlm . (A.13)
As in the flat case, cosmological linear perturbations on a closed FLRW Universe can be
decomposed into decoupled scalar, vector and tensor modes. For the case of scalar perturbations
in the presence of a scalar field, the metric and field perturbations are described by eqs. (2.11)
and (2.12), while the conjugate momenta are:
δp˜iij =
1
a26
√
Vo
∞∑
n=2
n−1∑
l=0
l∑
m=−l
(
3pi
(1)
nlmSnlmij +
3
2
n2 − 1
n2 − 4pi
(2)
nlmT nlmij
)√
Ω , (A.14)
δp˜iφ =
√
4piG
3Vo
∞∑
n=2
n−1∑
l=0
l∑
m=−l
pinlmφ Qnlm
√
Ω . (A.15)
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The coefficients in the expansion of the scalar perturbations and conjugate momenta are deter-
mined by:
γ
(1)
nlm =
1
2a2
√
Vo
∫
dΩ δγijSnlmij , (A.16)
γ
(2)
nlm =
1
4a2
√
Vo
n2 − 1
n2 − 4
∫
dΩ δγijT nlmij , (A.17)
pi
(1)
nlm = 6
√
Voa
2
∫
dΩ δp˜iijSnlmij , (A.18)
pi
(2)
nlm = 6
√
Voa
2
∫
dΩ δp˜iijT nlmij . (A.19)
Using the fundamental equal-time Poisson brackets {δγij(x), δp˜ikl(x′)} = δ(x−x′)δk(iδlj), one can
derive the Poisson brackets for the amplitudes in the hyperspherical harmonics expansion:{
γ
(a)
nlm, pi
(b)
n′l′m′
}
= δabδnn′δll′δmm′ . (A.20)
Similarly, it follows from {δφ(x), δp˜iφ(x′)} = δ(x− x′) that{
δφnlm, pin
′l′m′
φ
}
= δnn′δll′δmm′ . (A.21)
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